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We study the renormalization group flows of the two terminal conductance of a superconducting junction of
two Luttinger liquid wires. We compute the power laws associated with the renormalization group flow around
the various fixed points of this system using the generators of the SU�4� group to generate the appropriate
parametrization of an S matrix representing small deviations from a given fixed point S matrix �obtained earlier
in S. Das, S. Rao, and A. Saha, Phys. Rev. B 77, 155418 �2008��, and we then perform a comprehensive
stability analysis. In particular, for the nontrivial fixed point which has intermediate values of transmission,
reflection, Andreev reflection, and crossed Andreev reflection, we show that there are eleven independent
directions in which the system can be perturbed, which are relevant or irrelevant, and five directions which are
marginal. We obtain power laws associated with these relevant and irrelevant perturbations. Unlike the case of
the two-wire charge-conserving junction, here we show that there are power laws which are nonlinear func-
tions of V�0� and V�2kF� �where V�k� represents the Fourier transform of the interelectron interaction potential
at momentum k�. We also obtain the power law dependence of linear response conductance on voltage bias or
temperature around this fixed point.

DOI: 10.1103/PhysRevB.79.155416 PACS number�s�: 71.10.Pm, 73.21.Hb, 74.45.�c

Electron-electron �e-e� interactions in low-dimensional
systems �one-dimensional �1D� quantum wires �QW� and
dots� can lead to nontrivial low energy transport properties
due to the Luttinger liquid �LL� ground state of the system.
In this context, a geometry which has gained considerable
attention in the recent past is the multiple LL wire junction.
In general, junctions of multiple QW can be viewed as quan-
tum impurities in a LL from which electrons get scattered at
the junction. For the simplest case of two wires, the junction
can be modeled as a back-scatterer while for the general case
of multiple QW, the junction represents a more nontrivial
quantum impurity which may not be as straightforward to
model microscopically.

For the two-wire system, it is well known1,2 that in the
presence of a scatterer, there are only two low energy fixed
points �i� the disconnected fixed point with no transmission
�i.e., the transmission amplitude for incident electron or hole,
t=0� which is stable and �ii� the transmitting fixed point with
no reflection �t=1� which is unstable. More recently, the low
energy dynamics of multiple LL wires connected to a junc-
tion have also been studied in detail3–10,41 and several inter-
esting fixed points have been found, including continuous
one-parameter families of fixed points.11 These studies have
also been generalized theoretically12–20 to describe a junction
of 1D wires with superconductors and have also been gener-
alized to include spin.21 Our recent work22–24 has generalized
these studies to the case of superconducting junction of mul-
tiple QW. In such a system, due to the proximity of the
superconductor, both electrons as well as holes take part in
the transport which leads to very interesting transport prop-
erties at small bias resulting from the interplay of LL corre-
lations and the proximity induced pair potential.

In this article, we study the case where two LL QW are
coupled simultaneously to a bulk superconductor. The physi-
cal separation between the junctions of the two wires with

the superconductor is of the order of the size of the Cooper-
pair. This leads to the realization of a normal-
superconductor-normal �NSN� junction which allows for di-
rect tunneling of electrons from one wire to the other and
also allows a finite amplitude for the crossed Andreev reflec-
tion �CAR� process25–35 in addition to the normal reflection
and Andreev reflection �AR� processes.

In an earlier study of the NSN junction,23 we showed that
the NSN junction has more than two fixed points unlike the
normal two-wire junction �as mentioned above� or the junc-
tion of LL with a bulk superconductor �NS junction� which
has only two fixed points: �i� the Andreev fixed point where
the amplitude for Andreev reflection �AR�, rA=1 and normal
reflection amplitude, r=0 and which is unstable and �ii� the
disconnected fixed point where rA=0 and r=1, and which is
stable.12,13 We showed that there exists a fixed point with
intermediate values of transmission and reflection. Thus, the
NSN junction is the minimum configuration which possesses
nontrivial fixed points with intermediate transmission and
reflection amplitudes. In what follows, we will focus mainly
on the NSN junction.

In the previous studies, a comprehensive analysis of the
various possible perturbations allowed by symmetry around
all the fixed points of the NSN junction was lacking. In this
article, we carry out a systematic stability analysis for each
of the fixed points obtained earlier in Ref. 23 for the NSN
junction and we predict the power laws associated with all
possible independent perturbations that can be switched on
around these fixed points. Our analysis provides us with
renormalized values of the various transmission and reflec-
tion amplitudes around these fixed point values which can
then be used to obtain the Landauer-Büttiker conductances.

We start with a brief review of the renormalization group
�RG� method followed in Refs. 2 and 4 where an S-matrix
formulation was used to compute the linear conductance and
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interelectron interactions inside the QW were taken into ac-
count by allowing the S matrix to flow as a function of the
relevant energy scale �such as temperature, bias voltage or
system size� using an RG procedure. This method works well
when e-e interaction strength inside the QW is weak so that
it can be treated perturbatively. This is usually referred to
as the weak interaction renormalization group �WIRG�
procedure.36

To benchmark our calculation with known results, we first
calculate the complete set of all possible power laws associ-
ated with the independent perturbations that can be switched
on around the time-reversal symmetry broken chiral fixed
points �CFP� and the time-reversal symmetric Griffiths fixed
point �GFP� of a normal junction of three LL wires.4 Then
we apply the same procedure to the case of the NSN junc-
tion. The strength of our formulation to obtain the power law
scaling of the perturbations turned on around the various
fixed points lies in the fact that the same method is appli-
cable to both normal as well as superconducting junctions of
any number of QW.

Now, for the case of three LL wires meeting at a normal
junction, let us assume that the wires are parametrized by
spatial coordinates xi which go from zero to infinity with the
junction being situated at xi=0 �i being the wire index�. The
junction can be parametrized by a 3�3 S matrix with diag-
onal elements rii and off-diagonal elements tij. In the pres-
ence of e-e interactions, the RG equations can be derived2,4

by first expanding the electron wave function in each of the
wires in terms of reflected and transmitted electron waves
�scattering wave basis�. Then the amplitude of scattering of
electrons from the Friedel oscillations in the wires can be
deduced by using a Hartree-Fock decomposition of the e-e
interaction term. Finally the RG equation is obtained by ap-
plying the poor-man’s scaling approach.36 The RG equations
for the entire S matrix can be written in a concise and com-
pact from given by4

dS

dl
= F − SF†S , �1�

where l=ln�L /d� is the dimensionless RG scale �L corre-
sponds to the physical length scale or energy scale at which
we are probing the system and d is the short distance or high
energy cutoff�. Here F is a diagonal matrix with
Fii=−�rii /2 and � is the repulsive e-e interaction parameter
which is related to the LL parameter K as K= ��1−�� /
�1+���1/2.

Analogously, the NSN junction can be described in terms
of an S matrix with elements describing transmission of both
electrons and holes and their mixing at the junction. The
corresponding RG equation for the S matrix was obtained by
the present authors22,23 which was an extension of Eq. �1� to
the superconducting case. Here too for the NSN case, we will
assume that the two wires are parametrized by spatial coor-
dinates x1 and x2 where x1, x2 vary from zero to infinity and
that the junction is at x1=0=x2. The presence of the super-
conductor is encoded in the parametrization of the S matrix
representing the junction. Of course, this way of accounting
for the presence of the superconductor assumes that the su-

perconductor imposes static boundary conditions on the two
wires forming the NSN junction. This is a valid approxima-
tion as long as one is focusing on subgap transport properties
of the junction. We also assume that the superconductor at
the junction is a singlet superconductor; hence the spin of the
incident electron or hole is conserved as it scatters off the
junction. This results in a block diagonal form of the S ma-
trix with each spin block being a 4�4 matrix representing
scattering of electrons and holes within the given spin sector.

The S matrix at the superconducting junction for the spin-
up, spin-down, electron-hole, and left-right symmetric �sym-
metry in wire index� case �suppressing the wire index� can be
parametrized by r the normal reflection amplitude, rA the AR
amplitude, tA the CAR amplitude,25,26 and t the transmission
amplitude for both electrons and holes. The fermion fields
can then be expanded around left and right Fermi points on
each wire as �is�x�=�Iis�x�eikFx+�Ois�x�e−ikFx; where i is the
wire index, s is the spin index which can be ↑ ,↓, and I�O�
stands for incoming �outgoing� fields. Note that �I�O��x� are
slowly varying fields on the scale of kF

−1. Electrons with mo-
menta k in vicinity of kF, on each wire at position x is given
by

�is�x� = �
0

�

dk�bkse
i�k+kF�x + dks

† ei�−k+kF�x + rbkse
−i�k+kF�x

+ r�dks
† e−i�−k+kF�x + rdkse

−i�−k+kF�x + r�bks
† e−i�k+kF�x� ,

�2�

where bks is the particle destruction operator and dks is the
hole destruction operator, and we have allowed for noncon-
servation of charge due to the proximity effect induced by
the superconductor. We then allow for short-range density-
density interactions between the fermions,

Hint =
1

2
� dxdy��

s

�is�V�x − y���
s�

�is�� . �3�

Following the procedure outlined in Ref. 23, we find that the
RG equation for the S matrix continues to be of the form
given in Eq. �1�, but now F is a nondiagonal matrix,

F = 	
�r/2 0 − ��rA/2 0

0 �r/2 0 − ��rA/2
− ��rA/2 0 �r/2 0

0 − ��rA/2 0 �r/2

 , �4�

where � and �� are the x-independent part of the mean field
amplitudes for Friedel oscillations and the proximity induced
pair potential inside the QW, respectively. Generalization to
particle-hole nonsymmetric situations will make this matrix
asymmetric. It is worth pointing out that even though the
expression for electron field in Eq. �2� assumes particle-hole
symmetry which leads to considerable simplification in the
derivation for the RG equation �Eq. �1��, our formalism is
more general. The RG equation �with appropriate modifica-
tion of the F matrix for the asymmetric case� will also hold
for S matrices representing situations where the wire index
symmetry as well as the particle-hole symmetry is broken.

We will mainly focus on three different fixed points—the

DAS, RAO, AND SAHA PHYSICAL REVIEW B 79, 155416 �2009�

155416-2



CFP and GFP of a normal junction of three LL wires4,37 and
the symmetric fixed point �SFP�23 of the NSN junction. First
we discuss the stability around the CFP and GFP of a normal
junction of three LL wires �Y junction� to benchmark our
calculation with known results.4 As a first step toward per-
forming a systematic stability analysis, we need to obtain an
S matrix which results from a very small unitary deviation
from the fixed point S matrix. Given the number of indepen-
dent parameters of the S matrix dictated by symmetry and
unitarity constraints, the most general deviation from the
fixed point S matrix can be obtained by multiplying the fixed
point S matrix by another unitary matrix which is such that it
allows for a straightforward expansion in terms of small pa-
rameters around the identity matrix. This is realized as
follows:

S = S0 exp�i�
j=1

9

� j	 j� , �5�

where S0 represents the fixed point S matrix and 	 j’s �along
with the identity 	0= I� are the eight generators of the SU�3�
group which are traceless Hermitian matrices. This can be
straightforwardly generalized to the case of N wires by using
SU�N� matrices. Perturbations around these fixed points are
characterized in terms of the � j’s. Of course, the resulting S
matrix obtained in this way corresponds to a small unitary
deviation when � j’s are small. To first order in � j’s, Eq. �5�
reduces to

S = S0�I + i�
j

� j	 j� , �6�

where S0 for CFP and GFP fixed points are4

S0
CFP = 	0 1 0

0 0 1

1 0 0

 ; S0

GFP = 	− 1/3 2/3 2/3
2/3 − 1/3 2/3
2/3 2/3 − 1/3


 , �7�

respectively. Using Eq. �6�, the RG equation �Eq. �1�� with S
expanded to the linear order in � j becomes

i�
j=1

9

	 j
d� j

dl
= S0

†I − i�
j

� j	 j��F − S0I + i�
j

� j	 j�
�F†I + i�

j

� j	 j�� , �8�

where F is the diagonal part of the following quantity:

F =
�

2
S0I + i�

j

� j	 j�
diagonal

. �9�

Restricting the right-hand side �RHS� of Eq. �8� to linear
order in � j’s, one then obtains nine coupled linear differential
equations. Next by applying a unitary rotation, we can de-
couple these coupled equations �Eq. �8�� and recast them in
terms of new variables � j� �which are linear combinations of
the original � j�. The equations are now given by

d� j�

dl
= 
 j� j�, �10�

where 
 j is a real number corresponding to the “power law”
associated with perturbations turned on along each of the
nine eigendirections � j�. 
 j �0 indicates that the given direc-
tion is stable and 
 j �0 indicates that it is unstable. Here the
nondiagonal � j are related to the diagonal � j� by � j =�iU ji�i�
where U is the diagonalizing rotation matrix.

Hence we obtain all the power laws associated with the
independent perturbations that can be switched on around a
given fixed point S matrix. Now it is straightforward to show
that the power laws associated with the CFP and GFP are
given by �� /2, � /2, 0, � /2, � /2, � /2, � /2, 0, 0� and �0, 0,
0, 0, 0, −� /3, 2� /3, 2� /3, ��, respectively, which is consis-
tent with results obtained in Ref. 4.38,39 The value zero cor-
responds to marginal directions while the values with posi-
tive or negative signs correspond to stable or unstable
directions, respectively. We do not write the explicit form of
the U matrix for the CFP and GFP as they are needed only
for obtaining the explicit form of the power law correction to
the fixed point conductance which we do not calculate for
these cases.

Finally, let us discuss the stability around the different RG
fixed points of the NSN junction. First we focus on the SFP
of the NSN junction. In the presence of e-e interaction inside
the QW, the incident electron �hole� not only scatters from
the Friedel oscillations as an electron �hole� but also scatters
from the proximity induced pair potential inside the QW as a
hole �electron�. Now the amplitude of both of these scatter-
ing processes is proportional to the e-e interaction strength
inside the QW. The competition between these two scattering
processes which actually arise due the same e-e interaction
strength inside the QW leads to the presence of the new SFP
where all the scattering amplitudes have intermediate non-
zero values. This fact is unique about this fixed point and
hence this fixed point is the central focus of our discussion.
Details of this fixed point are further elaborated in the dis-
cussion at the end of this article.

We adopt the same procedure as described above for the
three-wire junction but now with SU�4� generators. This is
so because the full 8�8 S matrix describing the NSN junc-
tion has a block diagonal form with each spin block �up and
down spin sectors� being represented by a 4�4 matrix.
Hence we have a unitary starting S matrix deviating from the
fixed point S matrix �S0�, as given before by Eq. �6�, except
that now the sum over j runs from 1 to 16 since 	 j’s now
represent the fifteen generators of the SU�4� group along
with the identity matrix. The S0 which describes the SFP
�Ref. 23� is given by r=1 /2, t=1 /2, rA=−1 /2, and tA=1 /2.
Note that the SFP is a particle-hole, left-right symmetric
fixed point and hence the entire 4�4 S matrix is determined
completely by the above given four amplitudes for r , t ,rA , tA.

We then solve Eq. �8� for this case with sixteen coupled
equations up to the first order in the small perturbations � j’s.
We obtain the 16 eigenvalues which correspond to the power
laws around the 16 eigendirections. These power laws
around the various eigendirections can be listed as
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�0, 0, 0, 0, 0, − �/2, − �/2, �� − ���/2, ��/2, ��/2, �− � + ���/2, �− � + ���/2, �� + ���/2, �� + ���/2,

�� − �� − �9�2 + 14��� + 9��2�/4, �� − �� + �9�2 + 14��� + 9��2�/4� .

Hence we note that there are five marginal directions, two
stable directions, four unstable directions and four other di-
rections whose stability depends on the sign of �−��. One of
the most striking outcomes of this analysis is the fact that we
obtain two power laws which are not just simple linear com-
binations of V�0� and V�2kF�. Instead, they appear as square
roots of quadratic sum of these quantities. Our analysis ac-
tually leads to the first demonstration of the existence of such
power laws in the context of quantum impurity problems in
LL theory and this is the central result of this article.

Having obtained the power laws the next task is to obtain
an explicit expression for the Landauer-Büttiker conductance
corresponding to perturbations around these fixed points
along some of the eigendirections. Now note that the RG
equation is expressed in terms of ��’s whereas the S matrix
representing small deviations from the fixed point is ex-
pressed in terms of �’s. The two terminal linear conductance
across the junction depends explicitly on the S-matrix ele-
ment which are expressed in terms of �’s �see Eq. �6��. Hence
in order to obtain an expression for conductance in terms of
the temperature or the applied voltage dependence induced

by e-e interaction, we need to first assign bare values to the
various perturbations parametrized by ��’s and then express
the ��’s evolved under RG flow in terms of these bare values
of ��’s as ����= � /0�
�0� where  corresponds to the en-
ergy scale at which we are probing the system �which can be
either voltage bias at zero temperature or temperature at van-
ishing bias� and 0 is the high energy cutoff expressed in
terms of voltage or temperature. Then by using the rotation
matrix which diagonalizes the coupled RG equations, we ex-
press �’s in terms of ��’s written explicitly as a function of
temperature or voltage. Finally plugging these renormalized
values of ��’s into the S matrix given by Eq. �6�, we get all
the transmission and reflection amplitudes for the system as
explicit functions of the temperature or voltage carrying the
specific power laws associated with perturbations switched
on along the eigendirections. These amplitudes are now di-
rectly related to the linear conductances.

Now we will calculate expression for conductance for a
simple case where only one of the ���=�15� � is turned on. For
this we need the U matrix for this case which is given by

U =

⎣
⎢
⎢
⎢
⎡

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

0 0 �3/2 0 0 0 0 − 1/�2 0 0 0 0 0 0 1 0

− 1 0 1 0 0 0 0 − �3 0 0 0 0 1 0 0 0

0 0 0 − 1 0 0 0 0 0 0 1 0 0 0 0 0

0 0 2 0 0 − 1 0 0 1 0 0 0 0 0 0 0

0 − 1 0 0 − 2 0 − 1 0 0 − 1 0 0 0 1 0 0

0 0 0 0 1 0 1 0 0 1 0 1 0 0 0 0

0 1 0 0 0 0 − 1 0 0 1 0 0 0 1 0 0

0 0 − �3/2 0 0 − �3/2 0 − 1/�2 �3/2 0 0 0 0 0 1 0

− 1 0 1 0 0 1 0 �3 − 1 0 0 0 1 0 0 0

0 1 0 0 0 0 1 0 0 − 1 0 0 0 1 0 0

1 0 0 0 0 − 1 0 0 − 1 0 0 0 1 0 0 0

0 − 1 0 0 2 0 − 1 0 0 − 1 0 0 0 1 0 0

0 0 0 0 1 0 − 1 0 0 − 1 0 1 0 0 0 0

1 0 0 A 0 1 0 0 1 0 A 0 1 0 0 0

1 0 0 B 0 1 0 0 1 0 B 0 1 0 0 0 ⎦
⎥
⎥
⎥
⎤

, �11�

where, A=4��+��� / ��−��−�9�2+14���+9��
2
� /4 and B=4��+��� / ��−��+�9�2+14���+9��2� /4.

We choose this specific direction to perturb the system as this corresponds to a power law which is not a linear function of
V�0� and V�2KF� and hence interesting to study. The S matrix to quadratic order in �15� is given by
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S = 	
�1 − �1 − i��15� − �15�

2�
2

�1 + �15� �
2

−
�1 − i��15�

2

4
−

1

2

�1 + i�15� �
2

−
�1 + i��15�

2

4

1 − �1 + i��15� − �15�
2

2

�1 + �15� �
2

−
�1 + i��15�

2

4

1

2

�1 − i�15� �
2

+
�1 − i��15�

2

4

−
�1 + �1 − i��15� − �15�

2�
2

�1 − �15� �
2

−
�1 − i��15�

2

4

1

2

�1 − i�15� �
2

−
�1 − i��15�

2

4

�1 + �1 + i��15� − �15�
2�

2
−

�1 − �15� �
2

+
�1 + i��15�

2

4

1

2

�1 + i�15� �
2

+
�1 − i��15�

2

4


 . �12�

So, the scaling of subgap conductance �to O��15�
2�� for an

incident electron and a hole taking into account both spin-up
and spin-down contributions in units of 2e2 /h is given by

G12
e = −

�15�

2
; G21

e =
�15�

2
, �13�

G12
h = −

�15�

2
; G21

h =
�15�

2
, �14�

where �15� =�15,0� � /0���−��−�9�2+14���+9��2�/4. Here the su-
perscripts e and h stand for electrons and holes while the
subscripts 1 and 2 stand for first and second wire, respec-
tively. Also, G12

e = �tA,12
eh �2− �t12

ee�2 where tee is the transmission
amplitude for electrons and tA

eh represents CAR amplitude for
electrons. Similar expressions hold for the holes. In the ex-
pressions of power laws given above, �= �g2−2g1� /2��vF
and ��= �g1+g2� /2��vF where the bare values of g1�d�
=V�2kF� and g2�d�=V�0�. In our stability analysis, we have
assumed ���� which is consistent with experimental
observations.40 For the special case when g2=2g1, � van-
ishes and only �� survives.

It is very interesting to note that even though the S matrix
corresponding to perturbation along �15� breaks both time re-
versal and electron-hole symmetry, the two terminal linear
conductance restores particle-hole symmetry. Second it
might be of interest to note the fact that the fixed point con-
ductance admits correction along �15� which is linear in �15�
and not quadratic. Normally when we perform a stability
analysis around a fixed point S matrix whose elements are
constituted out of unimodular numbers �representing discon-
nected or perfectly connected fixed points�, it is always pos-
sible to identify various terms of the S matrix, representing
small unitary deviations from the fixed point S0 matrix in
terms of various tunneling operators which are perturbatively
turned on around the fixed point Hamiltonian. Hence a
straightforward perturbative linear conductance calculation
using the Hamiltonian along with the tunneling parts will
suggest that the correction due to the S matrix representing
small deviation from fixed point S0 matrix must introduce
correction to fixed point conductance which are quadratic in
terms of the deviation parameter. But this argument applies
only to those fixed points which correspond to completely
connected or disconnected wires and not to fixed points

which have intermediate values for various transmission and
reflection amplitudes like the SFP. In other words, an arbi-
trary deviation from SFP may not be easily representable as
a tunneling operator. This explains why the linear depen-
dence of the conductance on �� and hence the corresponding
power law dependence looks unconventional.

As a cross check, we see that we get back the power laws
associated with the symmetric fixed point4 of the four-wire
junction once we substitute ��=0 in the expression for the
power laws of the SFP for the NSN junction. Although our
geometry does not correspond to the real junction of four LL
wires, the presence of both electron and hole channel mimics
the situation of a four-wire junction. More specifically, the
symmetric fixed point �SFP� of the NSN junction turns out to
be identical to the symmetric fixed point of the four-wire
junction due to perfect particle-hole symmetry of the SFP
when �� is set to zero.

Next we enumerate and discuss the stability of the other
fixed points �RFP, AFP, TFP, and CAFP� obtained in Ref. 23
for the NSN junction:

�a� t= tA=rA=0,r=1 �RFP�: this fixed point turns out to
be stable against perturbations in all directions. There are ten
directions for which the exponent is � while two others with
the exponents-��+���. The remaining four directions are
marginal.

�b� t= tA=r=0,rA=1 �AFP�: this is unstable against per-
turbations in twelve directions. There are ten directions with
exponent � and two directions with exponent ��+���. The
remaining four directions are marginal, as for RFP.

�c� rA= tA=r=0, t=1 �TFP�: this fixed point has four un-
stable directions with exponent �, two stable directions with
the exponent-�� and the remaining directions are marginal.

�d� rA= t=r=0, tA=1 �CAFP�: this has four unstable direc-
tions with exponent � and two stable directions with the
exponent-�� and the remaining directions are marginal.

Note the close similarity in stability between CAFP and
TFP fixed points. This can be attributed to the fact that both
these fixed points belong to the continuous family of mar-
ginal fixed points defined by the condition �t�2+ �tA�2=1. The
entire family of fixed points is marginal because for these
fixed points, the amplitudes for Friedel oscillation and pair
potential in the wire vanish identically.

Hence, we notice that for the AFP only the scattering
amplitude from the pair potential inside the QW is nonzero
as only rA is nonzero, and for RFP only the scattering ampli-
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tude from Friedel oscillations are nonzero as only r is non-
zero. Furthermore, both for CAFP and TFP, the amplitude for
scattering from the Friedel oscillations as well as from the
pair potential is zero as in these cases both r and rA are zero.
So SFP is the only fixed point for which both the amplitude
for scattering from the Friedel oscillations and the pair am-
plitude are finite; hence, this fixed point is nontrivial. Its very
existence can be attributed to the interplay of these two dif-
ferent scattering processes arising from Friedel oscillations
and the pair potential inside the wire. The conductance at this
fixed point gets contribution from both the elastic co-
tunneling �CT� of electrons through the superconductor as
well as through the crossed Andreev reflection �CAR� pro-
cess. Since both electron and hole channels contribute with
opposite signs to conductance, if we give a small perturba-
tion around this fixed point, we get an interesting nonmono-
tonic behavior of the conductance GNSN=GCAR−GCT. This
effect emerges due to the competition between the electron
and the hole channel and it can be of interest from an experi-
mental point of view. Also note that at the SFP, CT amplitude
of electrons t=1 /2 and the CAR amplitude tA=1 /2. This
means that if we have an incident spin-polarized beam of
�say “up” polarized� electrons on the junction, when the
junction is tuned to this fixed point, 25% of the spin-up elec-
trons get transmitted through the junction and 25% of the
spin-up electrons get converted to spin-up holes as they pass
through the junction. Hence the transmitted charge across the

junction is zero on the average, but there is pure spin current
flowing out of the junction. Equivalently, we can think that
the pure spin current is generated due to flow of two beams
of electrons of equal intensity, one with spin-up electrons and
the other with spin-down electrons propagating in opposite
directions. Therefore the SFP can be relevant for future spin-
tronics applications. These points have been discussed in de-
tail in Ref. 22.

To summarize, we have laid down a scheme to perform a
systematic stability analysis which works well for both nor-
mal and superconducting junctions of multiple LL QW. Us-
ing our procedure, we reproduced the known power laws for
the fixed points of the three- and four-wire junctions. Then
we applied it to the NSN junction and established the exis-
tence of nontrivial power laws which are nonlinear functions
of V�0� and V�2kF�. Finally, we calculated the Landauer-
Büttiker conductance associated with the perturbations
switched on around these fixed points and found the explicit
voltage or temperature power law dependence.

It is a pleasure to thank Diptiman Sen for useful discus-
sions. S.D. acknowledges financial support under the DST
project �Project No. SR/S2/CMP-27/2006�. A.S. acknowl-
edges the Centre for High Energy Physics, Indian Institute of
Science, Bangalore �India� for warm hospitality during the
initial stages of this work.

1 C. L. Kane and M. P. A. Fisher, Phys. Rev. B 46, 15233 �1992�.
2 D. Yue, L. I. Glazman, and K. A. Matveev, Phys. Rev. B 49,

1966 �1994�.
3 C. Nayak, M. P. A. Fisher, A. W. W. Ludwig, and H. H. Lin,

Phys. Rev. B 59, 15694 �1999�.
4 S. Lal, S. Rao, and D. Sen, Phys. Rev. B 66, 165327 �2002�.
5 S. Das, S. Rao, and D. Sen, Phys. Rev. B 70, 085318 �2004�.
6 C. Chamon, M. Oshikawa, and I. Affleck, Phys. Rev. Lett. 91,

206403 �2003�.
7 M. Oshikawa, C. Chamon, and I. Affleck, J. Stat. Mech.: Theory

Exp. �2006� P02008.
8 B. Bellazzini, M. Mintchev, and P. Sorba, J. Phys. A 40, 2485

�2007�.
9 B. Bellazzini, M. Burrello, M. Mintchev, and P. Sorba,

arXiv:0801.2852 �unpublished�.
10 B. Bellazzini, M. Mintchev, and P. Sorba, arXiv:0810.3101 �un-

published�.
11 A. Agarwal, S. Das, S. Rao, and D. Sen, arXiv:0810.3513 �un-

published�.
12 T. Takane and Y. Koyama, J. Phys. Soc. Jpn. 65, 3630 �1996�.
13 T. Takane and Y. Koyama, J. Phys. Soc. Jpn. 66, 419 �1997�.
14 D. L. Maslov, M. Stone, P. M. Goldbart, and D. Loss, Phys. Rev.

B 53, 1548 �1996�.
15 R. Fazio, F. W. J. Hekking, A. A. Odintsov, and R. Raimondi,

Superlattices Microstruct. 25, 1163 �1999�.
16 S. Vishveshwara, C. Bena, L. Balents, and M. P. A. Fisher, Phys.

Rev. B 66, 165411 �2002�.
17 H. T. Man, T. M. Klapwijk, and A. F. Morpurgo, arXiv:cond-

mat/0504566 �unpublished�.

18 P. Recher and D. Loss, Phys. Rev. B 65, 165327 �2002�.
19 M. Titov, M. Müller, and W. Belzig, Phys. Rev. Lett. 97, 237006

�2006�.
20 C. Winkelholz, R. Fazio, F. W. J. Hekking, and G. Schön, Phys.

Rev. Lett. 77, 3200 �1996�.
21 C. Y. Hou and C. Chamon, Phys. Rev. B 77, 155422 �2008�.
22 S. Das, S. Rao, and A. Saha, Europhys. Lett. 81, 67001 �2008�.
23 S. Das, S. Rao, and A. Saha, Phys. Rev. B 77, 155418 �2008�.
24 Sourin Das and S. Rao, Phys. Rev. B 78, 205421 �2008�.
25 G. Falci, D. Feinberg, and F. W. J. Hekking, Europhys. Lett. 54,

255 �2001�.
26 G. Bignon, M. Houzet, F. Pistolesi, and F. W. J. Hekking, Euro-

phys. Lett. 67, 110 �2004�.
27 S. Russo, M. Kroug, T. M. Klapwijk, and A. F. Morpurgo, Phys.

Rev. Lett. 95, 027002 �2005�.
28 P. Cadden-Zimansky and V. Chandrasekhar, Phys. Rev. Lett. 97,

237003 �2006�.
29 A. L. Yeyati, F. S. Bergeret, A. Martin-Rodero, and T. M. Klap-

wijk, Nat. Phys. 3, 455 �2007�.
30 D. S. Golubev and A. D. Zaikin, Phys. Rev. B 76, 184510

�2007�.
31 M. S. Kalenkov and A. D. Zaikin, Phys. Rev. B 76, 224506

�2007�.
32 D. Futterer, M. Governale, M. G. Pala, and J. König, Phys. Rev.

B 79, 054505 �2009�.
33 J. P. Morten, D. Huertas-Hernando, W. Belzig, and A. Brataas,

Phys. Rev. B 78, 224515 �2008�.

DAS, RAO, AND SAHA PHYSICAL REVIEW B 79, 155416 �2009�

155416-6



34 J. P. Morten, A. Brataas, and W. Belzig, Phys. Rev. B 74,
214510 �2006�.

35 D. Golubev and A. Zaikin, arXiv:0902.2864 �unpublished�.
36 K. A. Matveev, D. Yue, and L. I. Glazman, Phys. Rev. Lett. 71,

3351 �1993�.
37 X. Barnabé-Thériault, A. Sedeki, V. Meden, and K. Schönham-

mer, Phys. Rev. Lett. 94, 136405 �2005�.
38 There is a correction to the power law obtained for the GFP for

the three-wire junction in Ref. 4. Lal et al. �Ref. 4� predicted a

stable direction with power law −� which should be corrected to
−� /3 �Ref. 39� as is obtained in this work. The corrected power
law is also consistent with that obtained in Ref. 41 using a
functional RG procedure.

39 D. Sen �private communication�.
40 O. M. Auslaender, A. Yacoby, R. de Picciotto, K. W. Baldwin, L.

N. Pfeiffer, and K. W. West, Science 295, 825 �2002�.
41 V. Meden, S. Andergassen, T. Enss, H. Schoeller, and K. Schön-

hammer, New J. Phys. 10, 045012 �2008�.

SYSTEMATIC STABILITY ANALYSIS OF THE… PHYSICAL REVIEW B 79, 155416 �2009�

155416-7


